The form factors for star-branched polymers with linear branches or with looping branches are calculated. The effect of chain swelling excluded volume is incorporated through an excluded volume parameter approach. The form factor for ring polymers is also included, since it is nicely derived as a special case. Furthermore, the form factor for dendrimers with excluded volume is also calculated. In order to evaluate the form factor for stars with looping branches, the multivariate Gaussian function is used to close the looping branches. Analytical results are possible in the Gaussian chain case (i.e., with no excluded volume), but the calculations are left in a form involving summations over monomers when the general case incorporates excluded volume.
Introduction
Scattering is a measurement technique of choice for polymer systems. In order to understand scattering data, a model representing the structure is needed. The single macromolecule form factor is an essential ingredient for calculating the scattering function. The form factors for a few branched polymer systems are discussed here. These include star-branched polymers with linear branches or with looping arms and dendrimers. The effect of excluded volume is incorporated using an approach based on the excluded volume parameter. This approach is familiar for linear polymer chains and is generalized here to branched polymers.
Scattering methods have been applied to great many branched polymer systems. This motivated an effort at modeling the scattering factors of regularly branched polymers like star-branched polymers or dendrimers. A few references are included here.
Benoit started the modeling effort by calculating the form factor for Gaussian stars [1] . A recent model used the two-point correlation function to derive the form factor for star-branched polymers [2] . The twopoint correlation function that was used was obtained from Monte Carlo simulations [3, 4] for linear chains that agreed with renormalization group calculations [5] . This approach incorporated excluded volume due to chain swelling. The second form of excluded volume which is due to solid angle exclusion of one arm excluding other arms close to the star center is difficult to account for.
Renormalization group approaches are well suited for calculations with self-avoiding chain swelling in linear polymers [6] . The renormalization group approach was applied to star-branched polymers to account for chain swelling [7] . A closed form expression for the scattering factor was presented after the tedious task of evaluating some 21 integrals that contribute to the various diagrammatic representations of the excluded volume interactions. This paper presented an empirical form for the form factor in specific cases using a small-angle (low-Q) expansion. 
Form Factor Amplitude for a Single-Branch
Consider monomer i on a branch of the star referenced with respect to the central monomer (branching point) referred to as monomer 1. Each branch contains n monomers. The form factor amplitude for one branch is given by a single summation over i:
The average is taken over conformations:
exp( iQ.r ) = d r P(r ) exp( iQ.r ).
For a flexible polymer coil obeying 
A model describing polymer chain conformations with excluded volume is used. The average of the segment interdistances squared is kept in the general form: 2 2 2 ν 1j <r >=a |1 j| .
− (4) ν is the excluded volume parameter.
Changing variables j=i 1 − , x= j n then going to the continuous limit, one obtains:
Here a is the polymer chain statistical segment length, n is the degree of polymerization of each branch and x is the integration variable. The variable change 2ν t=Ux is performed. After a few manipulations, F(Q) can be expressed in terms of the incomplete gamma function:
as follows:
The variable U is given in terms of the scattering variable Q as:
The radius of gyration squared has been defined as:
When ν=0.5 , the form factor amplitude reduces to:
Where R g is the radius of gyration (with R g 2 = na 2 /6 for ν = 0.5).
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Form Factor for a Single-Branch
In order to calculate the form factor for a single-branch, consider two monomers i and j.
In the continuous limit, the double summation is changed into integration. After a few manipulations, one obtains the following result [14] :
This integral was performed [13] to yield:
Here, γ(x,U) is the incomplete gamma function and U has been defined before. Note that for fully swollen chains ν = 3/5 (good solvent), for Gaussian chains ν = 1/2 (theta solvent) while for collapsed chains ν = 1/3 (bad solvent).
Form Factor for Star-Branched Polymer
In the case of star-branched polymers, the star form factor is given for a star with n b branches by:
in terms of the single-branch form factor P sb (Q) and the inter-branch form factor P ib (Q). For Gaussian chains (i.e., when ν = 0.5), P ib (Q) can be expressed as P ib (Q) = |F(Q)| 2 in term of the form factor amplitude F(Q).
When excluded volume contributes (i.e., when 0.5 ν ≠ ), the form P ib (Q) = |F(Q)| 2 is approximate and is referred to as (1) ib P (Q) in order to distinguish it for the formally "exact" form (within the context of the present formalism) ( 2) ib P (Q) which is expressed as follows:
This is in analogy to the cross product in the binomial formula. For instance, for two branches containing n 1 and n 2 monomers, the cross product would be expressed as ( ) 2  2  2  1 2  1  2  1  2 n n = (n +n ) n n /2 − − . Here P sb (Q, n)
is the form factor for a single-branch with n monomers and P sb (Q, 2n) is that for a chain formed with two branches (containing 2n monomers). The form factor with excluded volume has been calculated in the previous section.
Trends of the Form Factors
To take advantage of this formalism, a few figures are plotted. First, the single-branch form factor P sb (Q) and inter-branch form factor P ib (Q) are plotted without (ν = 0.5) excluded volume. The star-branched polymer form factor P star (Q) is plotted as well. These plots were produced for the following parameters a = 5 Å, n = 100, and n B = 3. The overall form factor P star (Q) follows the inter-branch part P ib (Q) at low-Q but scales with the single-branch part P sb (Q) at high-Q as shown in Fig. 2 . For ν = 0.5, Figure 4 compares the form factors for star-branched polymers with the two forms for the inter-branch form factors (1) ib P (Q) and (2) ib P (Q) with full excluded volume ν = 0.6. These are compared to the Gaussian chain case (i.e., with no excluded volume ν = 0.5). Note that in that case (ν = 0.5) the two form factors are identical while in the non-Gaussian chain case, they are slightly different. Next, the number of branches n b is varied for the case with fully swollen chains (ν = 0.6) in Fig. 6 . Branching becomes pronounced for n b > 3 as evidenced by the peak in the Kratky plot. 
Form Factor for Star Polymers with Looping Branches
The form factor for star-branched polymers with looping branches is derived here. The simple case of a flexible polymer ring is considered first.
Polymer Ring
The form factor for a polymer ring can be calculated using a multivariate Gaussian distribution approach [15, 16] . For a Gaussian polymer ring, P(Q) can be calculated as follows:
In order to evaluate <r ij 2 >, construct the ring from a linear chain, which is then closed (see Fig. 7 ). A bivariate Gaussian distribution is defined as:
Here 1 
The average mean square distance between two monomers i and j that belong to the looping block of length n and statistical segment length a is therefore given by:
More specifically, in this case:
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So that:
The form factor for the polymer ring is therefore:
The first term is dropped for n >>1. In order to simplify this equation, we take the continuous chain limit (whereby Q 2 a 2 /6<<1 and n >>1 but keeping Q 2 a 2 n/6 finite) and change the summations into integrations:
Q a n P(Q)=2 ds 1 s exp s 1 s . 6
We notice the following identity:
Q a n Q a n 2 ds(1 s)exp s 1 s = ds exp s 1 s . 6 6
Therefore:
Q a n P(Q)= ds exp s 1 s . 6
After integration variable changes and a few manipulations, one obtains the final result [17] : The variable U is given by 2 2 g U= Q a n 6 2 = QR 2 . Here g R =a n 6 is the radius of gyration of the linear block of length n.
The method described here for a single ring can be generalized to calculate more complex structures containing looping features.
Star Polymer with Looping Branches
Consider a star polymer with looping branches as shown in Fig. 8 . Each branch has n monomers of segment length a and there are n b branches. In order to use the multivariate Gaussian approach, the star with looping branches is opened up into a linear flexible chain of length n b n. The correlation matrix for each loop is calculated as in the case of an isolated ring.
The determinant is: 2 2 j i j i Δ=n =n ( j i )(n i j ). j i n
The relevant (11) element of the inverse of the correlation matrix is:
The single-branch form factor is:
The single-branch form factor amplitude is:
Note that for polymer structures in general, the form factor (for monomers along the same chain portion) is not the square of the form factor amplitude. This is true only for particles with uniform density, not for polymers. For example, the so-called Debye function cannot be put in the form of a square. One can either proceed as described in the previous section to obtain an analytical result (in terms of the Dawson function) or perform the summations numerically. In order to calculate the inter-branch form factor, monomers i and j belong to two different branches (Fig. 9) . 
The determinant and the relevant element of the inverse matrix are given by: 
For the sake of completeness, the pair of monomers are taken to belong to two non-adjacent looped branches (Fig. 10) . The result for D 11 is identical to the previous result for adjacent branches. This conclusion was verified for branches that are separated by a couple of branches. This is expected since the opening up of the star with looping branches was arbitrary. The single-branch and inter-branch form factors are expressed as:
The inter-branch form factor can be expressed as the product: In terms of the form factor amplitude for this inter-branch case:
which in the continuous limit can be expressed as:
Q a n F(Q)= ds exp s(1 s) . 6
This result can also be expressed in terms of the Dawson integral as follows:
As before 2 2 U= Q a n 6 2 . The total form factor for the star is formed using these results.
[ ]
Note that these 2 approaches (analytical and numerical) have been verified to agree completely. The summations are performed numerically using the Mathematica software to plot the various form factors. All these results are for Gaussian flexible polymer branches with no excluded volume. The singlebranch form factor P sb , inter-branch form factor P ib and total star form factor P star are plotted for a set of parameters (n b = 3, a = 5 Å, and n = 100) in Fig. 11 . The star form factor varies between the single-branch and inter-branch ones as it should. The single-branch form factor has a dominant contribution compared to the inter-branch one. At low-Q, the inter-branch form factor dominates since this Q-window involves correlations between monomers separated by the size of a branch (at least). Figure 12 shows Kratky plots for the same conditions. Since the high-Q limit follows P(Q )→ ∞ 2 1 Q , the Kratky plot reaches a constant value asymptotically.
Stars with Looping Branches and Excluded Volume
The method of introducing excluded volume will be applied here to star-branched polymers with looping branches. Note that ν = 0.5 for Gaussian chains (no excluded volume) in theta conditions and ν = 0.6 (with full excluded volume) in good solvent conditions. The previous section corresponds to the case ν = 0.5.
The excluded volume parameter ν is introduced in the correlation matrix for the single-branch which becomes: 
As before, D is calculated as the inverse of the correlation matrix ( 
For the single-branch form factor with excluded volume: 
For the inter-branch form factor with no excluded volume:
For the inter-branch form factor with excluded volume: 
For the inter-branch case, since the i and j indices are taken over different looping branches, all terms are positive and there is no need for the absolute value ( ).
The star polymer form factor (without or with excluded volume) combines these components:
The various summations are performed numerically. Overall the high-Q variation of the single-branch form factor (for the Kratky plot) keeps on increasing since it is dominant while that for the inter-branch decreases (Fig. 13) . . Kratky Plot (Q 2 P(Q) vs Q) for the single-branch form factor Psb(Q), inter-branch form factor Pib(Q) and total form factor Pstar(Q) for nb = 3, a = 5 Å, and n = 100 with full excluded volume (ν = 0.6).
http://dx.doi.org/10.6028/jres.121.006 Figure 14 shows that the form factor with excluded volume (ν = 0.6) keeps on increasing while that without excluded volume (ν = 0.5) decreases at high-Q. This is due to the single-branch asymptotic variation which dominates. Note that 
Polymer Ring with Excluded Volume
When excluded volume is present, the form factor for ring polymers is similar to the single-branch form factor for stars with looping branches. 2 2 n ring 2 i,j 11
where:
This form factor is simplified as follows: Q a n P (Q)=2 ds 1 s exp s 1 s . 6
This integral is doable analytically only for ν = 1/2 yielding the result in terms of the Dawson integral noted earlier.
The radius of gyration squared is given by:
or in an integral form after variable change:
2 2ν 2ν 2ν 2 2ν g 0 1 1 R = ds 1 s a n s 1 s =a n (2ν 1)(2ν 2) (4ν 1)(4ν 2)
a n 3ν R = . 2 1 7ν 14ν +8ν
For ν = 1/2, the familiar result is recovered R g 2 = a 2 n/12 which is half the result for linear chains.
Comparing Stars with Linear and Looping Branches
The form factors for star-branched polymers with linear branches and with looping branches with and without excluded volume are compared in Fig. 15 . Stars with looping branches appear more branched than the ones with linear branches. The case without excluded volume levels off at high-Q while the case with excluded volume keep on increasing as it should. 
The Various Form Factors for Dendrimers
Standard notation is used throughout. The number of generations is N g , the number of branches is n b and f is the multiplication factor. Considering a pair of blocks, the main contributions to the form factor are included here. These are the single-branch "self" correlations s sb P (Q) , the single-branch "forward" correlations f sb P (Q) , the single-branch "across" correlations a sb P (Q) , and the inter-branch correlations ib P (Q) . 
Here α is related to the scattering variable Q and the statistical segment length a as α = Q 2 a 2 /6. Note that in these form factors expressions, summations over k and l are over blocks and that each block contains n monomers. It should be mentioned that the forms introduced here are complete and have been generalized to incorporate excluded volume. For instance, the present form for a sb P (Q) corrects the previous incomplete form [18] .
Summations cover all block pairs to span the entire dendrimer. These partial form factors were obtained by starting from a small dendrimer (with a couple of generations only), then building up to the general case. These results have been verified to be correct by setting the α → 0 limit for which one can count the number of pairs directly from the dendrimer drawing.
The dendrimer form factor gathers all of these contributions as follows:
where
is the total number of blocks.
The various partial correlation factors have been defined according to the number of summations involved as shown in Fig. 17 . P(α) is the form factor, F(α) is the form factor amplitude and E(α) is the propagation factor. This allows us to form inter-block correlations following the simple rule shown in the following example (Fig. 18) . In the two examples considered, the following cross correlations can be formed as: 12
The form factor for a polymer chain segment containing n monomers with excluded volume is reproduced here for completeness [13, 14] .
Here, γ(x,U) is the incomplete gamma function defined before. The variable U is given in terms of the scattering variable Q as:
Q a n U αn . 6 = =
The form factor amplitude is also given in terms of the incomplete gamma function as:
Finally, the propagation factor for an intermediate block with m*n monomers is given by:
The case for pure Gaussian chain statistics (i.e., with no excluded volume) is obtained for ν = 0.5. In this case, the various terms simplify as described here. For a block of n monomers, the form factor, form factor amplitude and propagator become: 2 exp( αn) 1 αn P(αn) 2 (αn)
The propagator was taken over m blocks of n monomers each. This simplified form of P(αn) is the familiar Debye function.
Form Factors Trends
Here also, Mathematica was used to perform the various summations and plot a series of figures in order to document the trends. The limiting case with f = 1 was checked and found to agree with the star polymer with linear branches.
The dendrimer form factor P dend (Q) is plotted for a realistic set of parameters both with (ν = 0.6) and without (ν = 0.5) excluded volume. P dend (Q) is normalized to 1 at low-Q. At high-Q, the asymptotic limit P dend (Q) obeys the asymptotic limit Q 1/ν as expected (Fig. 19) . The Kratky plot for dendrimers with (ν = 0.6) and without (ν = 0.5) excluded volume. (Q 2 * P dend (Q) vs Q 2 ) presents a peak that represents the boundary between the single-branch and inter-branch contributions (Fig. 20) . The case with excluded volume has a peak at lower Q since fully swollen chains are more extended that ideal ones. Figure 21 compares the effect of excluded volume for the various partial form factors. Chain swelling has the effect of shifting the form factors to lower-Q. Chain swelling has strong effect on the overall dendrimer structure (i.e., at low-Q) but has a smaller effect on the local dendrimer structure (at high-Q). When the block multiplication factor f is increased, the Kratky plot shows increased branching as evidenced by a more pronounced peak (Fig. 22) . The peak position moves towards lower-Q. The f = 1 case reproduces the linear star form factor, which does not have a peak in the Kratky plot for n b = 3.
When the number of dendrimer generations is increased, the dendrimers become larger but the overall shape of the form factor remains unchanged (Fig. 23) 
Comments
The form factor for dendrimers presented here is complete and has been generalized to include chain swelling. Since this general form could not be simplified to an analytical form, it is kept in terms of numerical summations. The functional forms for the nonlinear least-squares fitting form factor would involve such summations.
There are two forms of excluded volume, one due to chain swelling discussed here and the other due to the physical exclusion of chain portions by other branches to avoid block overlap especially close the dendrimer center. This second form of excluded volume could not be accounted for by a Flory-type of approach. Such contribution could be accounted for only through computer simulation.
Results were presented in a compact form involving numerical summations. The various partial form factors were discussed in detail and trends of their behavior were documented.
Summary
The form factor for branched polymers with chain-swelling excluded volume was calculated for starbranched polymers and dendrimers. The approach presented here is simple enough to be tractable. It is based on the Flory idea of excluded volume, which was developed to obtain analytical expressions involving incomplete gamma functions. It has been extended to many cases of branched systems and yielded reasonable results. This form factor is dominated by the inter-chain contributions at low-Q and by the single-chain contributions at high-Q. The transition between these two regions is characterized by a peak in the Kratky plot. In the case of star-branched polymers with linear branches, the inter-branch form factor was expressed in two forms, one approximate form using form factor amplitudes and the other formally "exact" (within this formalism) using form factors and the binomial formula to calculate the cross terms.
In the case of star-branched polymers with looping branches, an original idea of building looped branches from linear chains then applying judicious "crosslinks" allowed the use of the multivariate Gaussian distribution to obtain compact results. The form factor for ring polymers with excluded volume was obtained from the single-branch scattering factor for stars with looping branches. The corresponding radius of gyration was included as well. In the case of dendrimers, the complete and general case that incorporates excluded volume is presented here for the first time. In fact, lots of the material presented in this paper is original and cannot be found in the open literature. It is felt that such form factors are much needed to analyze scattering data.
Note that the form factor alone is not enough to analyze scattering data. Structure factor contributions due to finite concentration effects should be included. This is outside of the scope of this theoretical contribution. The Random Phase Approximation (RPA) is a valuable method for expressing structure factors for polymer mixtures in solution as well as the blend state [13] .
